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153.1 (Nguyén Déng Yén) Prove that if y > ¢34+ 22 + |z| + 1, then 2% +
y? > 1. Find all pairs of (x,y) such that the first inequality holds while
equality in the second one attains.

153.2 (Ta Van Ty) Given natural numbers m,n, and a real number a > 1,
prove the inequality

+1 n—1

am —1>n(am —a"m).

153.3 (Nguyén Minh Ditc) Prove that for each 0 < e < 1, there exists a
natural number ng such that the coefficients of the polynomial

(z+y)" (2" — (2 - e)zy + y°)

are all positive for each natural number n > nyg.

235.1 (Pang Hung Thiang) Given real numbers z,y, z such that

a+b=06,

ax + by = 10,
ax? + by? = 24,
az® + by = 62,

determine az? + by?.

235.2 (Ha Ddc Vugng) Let ABC be a triangle, let D be a fixed point on
the opposite ray of ray BC. A variable ray D, intersects the sides AB, AC at
E, F, respectively. Let M and N be the midpoints of BF', CE, respectively.
Prove that the line M N has a fixed point.

235.3 (Pam Van Nhi) Find the maximum value of

a . b n c n d
bed+1  cda+1 dab+1  abc+1’

where a,b,c,d € [0,1].

235.4 (Tran Nam Diing) Let M be any point in the plane of an equilat-
eral triangle ABC. Denote by x, y, z the distances from P to the vertices and
P, q,r the distances from M to the sides of the triangle. Prove that

1
P4+ +r> Z(x2+y2+zz),

and that this inequality characterizes all equilateral triangles in the sense that
we can always choose a point M in the plane of a non-equilateral triangle
such that the inequality is not true.
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241.1 (Tran Nam Diing) Given n real numbers w1, 22, ..., ¥,, in the inter-
val [0, 1], prove that

{g] >r1(1—z2) + 221 —23) + -+ xp—1(1 — xp) + 2, (1 — 7).

241.2 (Tran Xuan Dang) Prove that in any acute triangle ABC

sin Asin B + sin Bsin C' + sin C'sin A > (1 4+ v/2 cos A cos B cos C)?.

243.1 (Huynh Minh Viét) Given real numbers x,y, z such that z2 +1y% +
22 =k, k > 0, prove the inequality

2 2
Emyz—x/?kgx%—y—i—zg %xyz+\/2k.

244.1 (Thai Viét Bao) Given a triangle ABC, let D and E be points
on the sides AB and AC, respectively. Points M, N are chosen on the line
segment DFE such that DM = MN = NE. Let BC intersect the rays AM
and AN at P and @), respectively. Prove that if BP < PQ, then PQ < QC.
244.2 (Ngé Van Thai) Prove that if 0 < a,b,c < 1, then
1 1
—_— +(1—a)(1-0)(1-0c).

244.3 (Tran Chi Hoda) Given three positive real numbers z,y, z such that
Ty + yz + zx + %:cyz = a?, where a is a given positive number, find the
maximum value of ¢(a) such that the inequality z+y+ 2z > ¢(a)(zy+yz +2x)
holds.

244.4 (Dam Van Nhi) The sequence {p(n)} is recursively defined by
p(l) =1, p(n)=1Ip(n—1)+2p(n—2)+---+ (n—1L)p(n — 1)
for n > 2. Determine an explicit formula for n € N*.

244.5 (Nguyén Vi Luong) Solve the system of equations

3 85

4x +4x2+2+7=f,
1 13
2z + = —.
T+y 3

248.1 (Tran Vian Vuong) Given three real numbers z,y, z such that
x>4,y>5, 2>6and 22 + y? + 22 > 90, prove that z +y + z > 16.
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248.2 (D6 Thanh Han) Solve the system of equations

23— 6224+ 122 — 8 =0,

v — 622 + 122 — 8 =0,

z3—6y2—|—12y—8:0.
248.3 (Phuong Té Ti) Let the incircle of an equilateral triangle ABC
touch the sides AB, AC, BC respectively at C’, B’ and A’. Let M be any

point on the minor arc B’C’, and H, K, L the orthogonal projections of M
onto the sides BC, AC' and AB, respectively. Prove that

VMH = VMK +VML.

250.1 (Dang Hiuing Thang) Find all pairs (z,y) of natural numbers z >
1, y > 1, such that 3x + 1 is divisible by y and simultaneously 3y + 1 is
divisible by x.

250.2 (Nguyén Ngoc Khoa) Prove that there exists a polynomial with
integer coefficients such that its value at each root ¢ of the equation ¢® — 4t +
1 =0 is equal to the value of

_ 52
5 — 3512 —4t+ 1

f@)
for this value of ¢.

250. 3 (Nguyén Khic Minh) Consider the equation f(x) = az? + bx + ¢
where a < b and f(x) > 0 for all real x. Find the smallest possible value of

a+b+ec
b—a

250.4 (Tran Ditc Thinh) Given two fixed points B and C, let A be a
variable point on the semiplanes with boundary BC such that A, B, C' are not
collinear. Points D, E are chosen in the plane such that triangles ADB and
AFEC are right isosceles and AD = DB, EA = EC, and D, C are on different
sides of AB; B, E are on different sides of AC. Let M be the midpoint of
DE, prove that line AM has a fixed point.

250.5 (Tran Nam Diing) Prove that if a,b,c > 0 then

2 2 2
1+a +b°+c S a b c >1( ab—i—bc—i—ca)'

2 ab+bc+ca_b+c+c+a+a+b_§ a2 b2t 2
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250. 6 (Pham Ngoc Quang) Given a positive integer m, show that there
exist prime integers a, b such that the following conditions are simultaneously
satisfied:

la] <m, |b|<m and 0<a+0bV2<

1++v2
5

m +

250.7 (Lé Qudc Han) Given a triangle ABC such that cot A, cot B and
cot C' are respectively terms of an arithmetic progression. Prove that ZGAC =
/GBA, where G is the centroid of the triangle.

250.8 (Nguyén Minh Ditc) Find all polynomials with real coefficients
f(z) such that cos(f(x)), z € R, is a periodic function.

251.1 (Nguyén Duy Lién) Find the smallest possible natural number n
such that n? 4+ n + 1 can be written as a product of four prime numbers.

251.2 (Nguyén Thanh Hai) Given a cubic equation
z® —px® +qv —p=0,

where p,q € R*, prove that if the equation has only real roots, then the
inequality
1 V2

p=(;+%)@+3)

holds.

251.3 (Nguyén Ngoc Binh Phuong) Given a circle with center O and
radius r inscribed in triangle ABC'. The line joining O and the midpoint of
side BC intersects the altitude from vertex A at I. Prove that Al = r.

258.1 (Dang Hiing Thang) Let a,b, ¢ be positive integers such that
a® +b* = (1 + ab),
prove that @ > cand b > c.

258.2 (Nguyén Viét Hai) Let D be any point between points A and B. A
circle I' is tangent to the line segment AB at D. From A and B, two tangents
to the circle are drawn, let E¥ and F' be the points of tangency, respectively,
D distinct from F, F'. Point M is the reflection of A across E, point N is the
reflection of B across F'. Let E'F intersect AN at K, BM at H. Prove that
triangle DK H is isosceles, and determine the center of I" such that ADKH
is equilateral.
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258.3 (Vi Qudc Diing) Let AC be a fixed line segment with midpoint K,
two variable points B, D are chosen on the line segment AC' such that K
is the midpoint of BD. The bisector of angle Z/BCD meets lines AB and
AD at I and J, respectively. Suppose that M is the second intersection of
circumcircle of triangle ABD and AIJ. Prove that M lies on a fixed circle.

258.4 (Pang Ky Phong) Find all functions f(x) that satisfy simultane-
ously the following conditions

i) f(x) is defined and continuous on R;

ii) for each set of 1997 numbers x1, x9, ..., Z1997 such that 1 < 29 < -+ <
Ty, the inequality

f(999) (f(x1) + f(x2) 4+ - - + f(z908)

+f(x1000) + f(xlool) + -+ f($1997)) .

1
>
— 1996

holds.

259.1 (Nguyén Phudc) Solve the equation
(x4 3vz + 2)(x + 9z + 18) = 168x.

259.2 (Vién Ngoc Quang) Given four positive real numbers a, b, ¢ and d
such that the quartic equation az* — ax® + bax? — cx +d = 0 has four roots in
the interval (0, %), the roots not being necessarily distinct. Prove that

21a + 164c > 800 + 320d.

259.3 (H6 Quang Vinh) Given is a triangle ABC. The excircle of ABC
inside angle A touches side BC' at A1, and the other two excircles inside angles
B, C touch sides CA and AB at Bi, (4, respectively. The lines AA;, BB,
C(1 are concurrent at point N. Let D, E, F' be the orthogonal projections
of N onto the sides BC,CA and AB, respectively. Suppose that R is the
circumradius and r the inradius of triangle ABC. Denote by S(XYZ) the
area of triangle XY Z, prove that
S(DEF) r LT
( ; R)‘

S(ABC) R
261.1 (H6 Quang Vinh) Given a triangle ABC, its internal angle bisec-
tors BE and C'F, and let M be any point on the line segment E'F'. Denote by
Sa, Sp, and S¢ the areas of triangles M BC, MCA, and M AB, respectively.
Prove that

VS ++/Se AC+ AB
VIBT VIO o 2 22
V'S4 - BC

and determine when equality holds.
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261. 2 (Editorial Board) Find the maximum value of the expression

A=13V22 — 24 + 922 + 24 for 0<z<1.

261. 3 (Editorial Board) The sequence (a,), n =1,2,3,..., is defined by
a1 >0, and apy1 = ca?I + a, for n =1,2,3,..., where c is a constant. Prove

that
a) ap > \/cnfln”a?ﬂ, and

1
b) a1+a2+---+an>n<na1—) for n € N.
c

261.4 (Editorial Board) Let X, Y, Z be the reflections of A, B, and C
across the lines BC, CA, and AB, respectively. Prove that X, Y, and Z are
collinear if and only if

cos Acos BcosC = —%.

261.5 (Vinh Competition) Prove that if z,y,2 > 0 and 1 + % +1=1
then the following inequality holds:

1 1 1 1
- —— )1 - =) (1-—5)> 5.
( 1+ 22 1+ 92 1+ 22 2

261.6 (D& Van Diic) Given four real numbers x1, x2, 23, 74 such that x1 +
x9 + w3+ x4 =0 and |21| + |x2| + |x3]| + |24] = 1, find the maximum value of

I (zi—xj).

1<i<j<4

261.7 (Poan Quang Manh) Given a rational number x > 1 such that

there exists a sequence of integers (a,), n =0,1,2,..., and a constant ¢ # 0
such that lim (cz™ — a,) = 0. Prove that x is an integer.
n—oo

262.1 (Ngo6 Van Hiép) Let ABC an equilateral triangle of side length a.
For each point M in the interior of the triangle, choose points D, E, F on
the sides C'A, AB, and BC, respectively, such that DE = M A, EF = M B,
and F'D = MC. Determine M such that ADFEF has smallest possible area
and calculate this area in terms of a.

262.2 (Nguyén Xuan Hung) Given is an acute triangle with altitude AH.
Let D be any point on the line segment AH not coinciding with the endpoints
of this segment and the orthocenter of triangle ABC. Let ray BD intersect
AC at M, ray CD meet AB at N. The line perpendicular to BM at M
meets the line perpendicular to CN at N in the point S. Prove that AABC
is isosceles with base BC' if and only if S is on line AH.
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262.3 (Nguyén Duy Lién) The sequence (a,) is defined by

ap =2, apt1 = 4an ++/15a2 — 60 for n € N.

Find the general term a,,. Prove that %((Izn + 8) can be expressed as the sum
of squares of three consecutive integers for n > 1.

262.4 (Tuan Anh) Let p be a prime, n and k positive integers with k > 1.
Suppose that b;,i = 1,2,...,k, are integers such that

i) 0<b;<k-—1 foralli,

k
i) p™~!is a divisor of (Zp"b")—pn(k_l) — =2 1,
i=1
Prove that the sequence (by,bg,...,b;) is a permutation of the sequence
0,1,....k—1).

262.5 (Doan Thé Phiét) Without use of any calculator, determine

sinf—4 + 6sin? 1—1 — 8sin? %

264.1 (Tran Duy Hinh) Prove that the sum of all squares of the divisors
of a natural number n is less than n?/n.

264.2 (Hoang Ngoc Canh) Given two polynomials
fl@y=a'—(1+ ")+ e gla)=a"-1,

prove that for distinct positive numbers a,b satisfying a® = b%, we have
f(a)f(b) <0 and g(a)g(b) > 0.

264.3 (Nguyén Phii Yén) Solve the equation

(z - 1)"
(a7 —3)2

1

_ 2

+ (2% = 3)* +
264.4 (Nguyén Minh Phudg, Nguyén Xuan Hung) Let I be the in-
center of triangle ABC. Rays AI, BI, and CI meet the circumcircle of tri-
angle ABC again at X, Y, and Z, respectively. Prove that

1 1 1 3
IX+IY+IZ>TA+IB+1 — et — > —.
a) + + = + + IC, b) IX+IY+IZ_R
265.1 (Va Dinh Hoa) The lengths of the four sides of a convex quadrilat-
eral are natural numbers such that the sum of any three of them is divisible

by the fourth number. Prove that the quadrilateral has two equal sides.
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265.2 (Dam Van Nhi) Let AD, BE, and CF be the internal angle bi-
sectors of triangle ABC. Prove that p(DEF) < 3p(ABC), where p(XY Z)
denotes the perimeter of triangle XY Z. When does equality hold?

266.1 (Lé Quang Nam) Given real numbers z,y,z > —1 satisfying 23 +
Y3+ 23 > 22 4 y? + 22, prove that x° +9° + 2° > 22 + 9% + 22

266.2 (Dang Nhon) Let ABCD be a rhombus with ZA = 120°. A ray Ax
and AB make an angle of 15°, and Ax meets BC and CD at M and N,
respectively. Prove that

3+3_4
AM? -

AN2  AB?%

266.3 (Ha Duy Hung) Given an isosceles triangle with ZA = 90°. Let M
be a variable point on line BC, (M distinct from B, C'). Let H and K be the
orthogonal projections of M onto lines AB and AC, respectively. Suppose
that I is the intersection of lines CH and BK. Prove that the line M has a
fixed point.

266.4 (Luu Xuan Tinh) Let x,y be real numbers in the interval (0, 1) and
x4y =1, find the minimum of the expression z% + 3.

267.1 (D6 Thanh Han) Let x,y, 2 be real numbers such that
2?4+ 22 = 1,
y* +2y(x + z) = 6.

Prove that y(z — z) < 4, and determine when equality holds.

267.2 (Lé Qudc Han) In triangle ABC, medians AM and CN meet at
G. Prove that the quadrilateral BM GN has an incircle if and only if triangle
ABC is isosceles at B.

267.3 (Tran Nam Diing) In triangle ABC, denote by a, b, ¢ the side lengths,
and F' the area. Prove that

1
F < E(3a2 + 202 + 2¢%),

and determine when equality holds. Can we find another set of the coefficients
of a?, b2, and ¢? for which equality holds?

268.1 (D6 Kim Son) In a triangle, denote by a, b, ¢ the side lengths, and
let r, R be the inradius and circumradius, respectively. Prove that

alb4+c—a)? +blc+a—b)?+cla+b—c)? <6V3R (2R —r).
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268.2 (Dang Hung Thang) The sequence (a,), n € N, is defined by
ap=a, ay=>b, ant2=dapny1 —an for n=0,1,2,...,

where a, b are non-zero integers, d is a real number. Find all d such that a,,
is an integer for n =0,1,2,....

271.1 (Doan Thé Phiét) Find necessary and sufficient conditions with re-
spect to m such that the system of equations

:U2—|—y2—|—z2—|—a:y—yz—z:r:1,
v+ 2y =2,
2tz =m

has a solution.

272.1 (Nguyén Xuan Hung) Given are three externally tangent circles
(01),(02), and (O3). Let A, B,C be respectively the points of tangency of
(O1) and (O3), (O2) and (O3), (O1) and (O2). The common tangent of (Oy)
and (O2) meets C' and (O3) at M and N. Let D be the midpoint of M N.
Prove that C' is the center of one of the excircles of triangle ABD.

272.2 (Trinh Bing Giang) Let ABCD be a convex quadrilateral such
that AB + CD = BC + DA. Find the locus of points M interior to quadri-
lateral ABCD such that the sum of the distances from M to AB and CD is
equal to the sum of the distances from M to BC and DA.

272.3 (H6 Quang Vinh) Let M and m be the greatest and smallest num-
bers in the set of positive numbers a1, as, ..., a,, n > 2. Prove that

(a) ()= (- i)

272.4 (Nguyén Hitu Du) Find all primes p such that
flp)=(243)— (2243 + (22 +3%) — .. — (2771 + 3771 - (2P + 37)
is divisible by 5.

274.1 (Dao Manh Thang) Let p be the semiperimeter and R the circum-
radius of triangle ABC. Furthermore, let D, FE, F' be the excenters. Prove
that

DE? + EF? + FD? > 8V3pR,

and determine the equality case.

10
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274.2 (Doan Thé Phiét) Detemine the positive root of the equation

xln(l + %)

274.3 (N.Khanh Nguyén) Let ABCD be a cyclic quadrilateral. Points
M, N, P, and QQ are chosen on the sides AB, BC, C'D, and DA, respectively,
such that MA/MB = PD/PC = AD/BC and QA/QD = NB/NC =
AB/CD. Prove that M P is perpendicular to NQ.

+1 1\1+5
—$3ln<1+7) F 1.
x

274.4 (Nguyén Hao Liéu) Prove the inequality for z € R:

1+ 2x arctanx 1+ 02
2+ In(l+22)2 = 34 e*

275.1 (Tran Hong Son) Let z,v, 2 be real numbers in the interval -2, 2],
prove the inequality

2(2% 4 5 + 2%) — (2ty? + v + 2%2?) < 192.
276.1 (Va Dic Canh) Find the maximum value of the expression

3 3 3
a’+b° +c
f=—7F

abe

where a, b, ¢ are real numbers lying in the interval [1,2].

276.2 (Ho Quang Vinh) Given a triangle ABC with sides BC' = a, CA =
b, and AB = c. Let R and r be the circumradius and inradius of the triangle,
respectively. Prove that
30134 3
a’+b’+c Sy 2l
abc - R

276.3 (Pham Hoang Ha) Given a triangle ABC, let P be a point on the
side BC, let H, K be the orthogonal projections of P onto AB, AC re-
spectively. Points M, N are chosen on AB, AC such that PM || AC and
PN || AB. Compare the areas of triangles PHK and PMN.

276.4 (D6 Thanh Han) How many 6-digit natural numbers exist with the
distinct digits and two arbitrary consecutive digits can not be simultaneously
odd numbers?

277.1 (Nguyén Hbi) The incircle with center O of a triangle touches the
sides AB, AC, and BC respectively at D, E, and F'. The escribed circle of
triangle ABC in the angle A has center @ and touches the side BC' and the
rays AB, AC respectively at K, H, and I. The line DE meets the rays BO

11
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and CO respectively at M and N. The line HI meets the rays BQ and C'Q
at R and S, respectively. Prove that

a) AFMN = AKRS, b) % = g—g = g—i.

277.2 (Nguyén Dic Huy) Find all rational numbers p, ¢, 7 such that

T n 27 n 3 1
COS — COS — T"COS — = 1.
Peos 2 T qeos 7

277.3 (Nguyén Xuan Hung) Let ABCD be a bicentric quadrilateral in-
scribed in a circle with center I and circumcribed about a circle with center
O. A line through I, parallel to a side of ABCD, intersects its two opposite

sides at M and N. Prove that the length of M N does not depend on the
choice of side to which the line is parallel.

277.4 (Pinh Thanh Trung) Let x € (0,7) be real number and suppose

that % is not rational. Define

S1=sinz, Sy =sinx +sin2z, ..., S, =sinx +sin2x + - - - + sinnx.
Let t, be the number of negative terms in the sequence 51, Ss, ..., S,. Prove
that lim %" = o

n—oo

279.1 (Nguyén Hitu Bing) Find all natural numbers a > 1, such that
if p is a prime divisor of a then the number of all divisors of a which are
relatively prime to p, is equal to the number of the divisors of a that are not
relatively prime to p.

279.2 (Lé Duy Ninh) Prove that for all real numbers a,b,z,y satisfying
r+y=a+band z* +y* = a* + b* then 2" + y" = a™ + b" for all n € N.

279.3 (Nguyén Hitu Phuéc) Given an equilateral triangle ABC, find the
locus of points M interior to ABC' such that if the

orthogonal projections of M onto BC, CA and AB are D, E, and F,
respectively, then AD, BE, and C'F' are concurrent.

279.4 (Nguyén Minh Ha) Let M be a point in the interior of triangle
ABC and let X, Y, Z be the reflections of M across the sides BC, CA,
and AB, respectively. Prove that triangles ABC and XY Z have the same
centroid.

279.5 (Vi Dic Son) Find all positive integers n such that n < t,, where
t, is the number of positive divisors of n2.

12
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279.6 (Tran Nam Diing) Find the maximum value of the expression
T LY L _*
1+a22 1492 1427

where x,y, z are real numbers satisfying the condition = + y 4+ z = 1.

279.7 (Hoang Hoa Trai) Given are three concentric circles with center O,
and radii 7 = 1, 7o = v/2, and r3 = v/5. Let A, B, C be three non-collinear
points lying respectively on these circles and let F' be the area of triangle
ABC. Prove that F' < 3, and determine the side lengths of triangle ABC.

281.1 (Nguyén Xuan Hung) Let P be a point exterior to a circle with
center O. From P construct two tangents touching the circle at A and B.
Let @Q be a point, distinct from P, on the circle. The tangent at @) of the
circle intersects AB and AC at E and F, respectively. Let BC' intersect OF
and OF at X and Y, respectively. Prove that XY/EF is a constant when P
varies on the circle.

281.2 (H6 Quang Vinh) In atriangle ABC,let BC =a,CA=b,AB =c
be the sides, r, rq, 5, and 7. be the inradius and exradii. Prove that
abc _ a® b
r Ta Th Te
283.1 (Tran Hong Son) Simplify the expression
Vel —y)d—2) +Vyld —2)[4 —2) + V24 - 2)(d - y) — Vayz,

where z,y, z are positive numbers such that x +y + z + /zyz = 4.

283.2 (Nguyén Phuéc) Let ABCD be a convex quadrilateral, M be the
midpoint of AB. Point P is chosen on the segment AC such that lines M P
and BC intersect at T. Suppose that () is on the segment BD such that
BQ/QD = AP/PC'. Prove that the line T'Q has a fixed point when P moves
on the segment AC.

284.1 (Nguyén Hitu Bing) Given an integer n > 0 and a prime p > n+1,
prove or disprove that the following equation has integer solutions:

T z2 P

=0
n+1+2n+1+ +1zm+1

1+

284.2 (Lé Quang Nam) Let z,y be real numbers such that

(z+V1I+y))(y+ V1i+2?) =1,

prove that

(z+V1i+2?)(y+V1+y?) =1

13
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284.3 (Nguyén Xuan Hung) The internal angle bisectors AD, BE, and
CF of a triangle ABC meet at point (). Prove that if the inradii of triangles
AQF, BQD, and CQFE are equal then triangle ABC' is equilateral.

284.4 (Tran Nam Diing) Disprove that there exists a polynomial p(z) of
degree greater than 1 such that if p(x) is an integer then p(z + 1) is also an
integer for x € R.

285.1 (Nguyén Duy Lién) Given an odd natural number p and integers
a,b, c,d, e such that a4+ b+c+d+e and a® 4+ b? + % + d? + €? are all divisible
by p. Prove that a® + b° + ¢® + d° + € — babede is also divisible by p.

285.2 (Vi Duc Canh) Prove that if z,y € R* then

222 + 3y? n 2y? + 322 4
203 +3y3 2y +323 T xty

285.3 (Nguyén Hitu Phuéc) Let P be a point in the interior of triangle
ABC. Rays AP, BP, and CP intersect the sides BC, CA, and AB at D, F,
and F', respectively. Let K be the point of intersection of DE and CM, H
be the point of intersection of DF and BM. Prove that AD, BK and CH
are concurrent.

285.4 (Tran Tuidn Anh) Let a,b,c be non-negative real numbers, deter-
mine all real numbers x such that the following inequality holds:

[a? + b2+ (z — 1)A[a® + A + (x — D[ + & + (x — 1)a?]
< (a* + zbe) (b? + zac)(c? 4 zab).

285.5 (Truong Cao Duing) Let O and I be the circumcenter and incenter
of a triangle ABC. Rays AI, BI, and CI meet the circumcircle at D, E, and
F, respectively. Let R,, Rp, and R, be the radii of the escribed circles of
AABC, and let Ry, R, and Ry be the radii of the escribed circles of triangle
DEF. Prove that

Ra-l-Rb-i-RCSRd-l-Re-i-Rf.

285.6 (D6 Quang Duong) Determine all integers k such that the sequence
defined by a1 = 1, an41 = ba, + ka2 — 8 for n = 1,2,3,... includes only
integers.

286.1 (Tran Hong Son) Solve the equation

1822 — 182/z — 17z — 8/ — 2 = 0.
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286.2 (Pham Hung) Let ABCD be a square. Points E, F' are chosen on
CB and CD, respectively, such that BE/BC = k, and DF/DC = (1 —
k)/(1 + k), where k is a given number, 0 < k < 1. Segment BD meets AF
and AF at H and G, respectively. The line through A, perpendicular to EF,
intersects BD at P. Prove that PG/PH = DG/BH.

286.3 (Va Dinh Hoa) In a convex hexagon, the segment joining two of
its vertices, dividing the hexagon into two quadrilaterals is called a principal
diagonal. Prove that in every convex hexagon, in which the length of each
side is equal to 1, there exists a principal diagonal with length not greater
than 2 and there exists a principal diagonal with length greater than /3.

286.4 (D6 Ba Chu) Prove that in any acute or right triangle ABC' the
following inequality holds:

. Ath Bth Cth At . C>10\/§
n— 1n — n— n — 1n — n— _—.
any Al Al T tall g Al o a5 =

286.5 (Tran Tuin Diép) In triangle ABC, no angle exceeding 5, and each
angle is greater than 7. Prove that

cot A 4 cot B 4 cot C' + 3 cot A cot Beot C' < 4(2 — V/2).

287.1 (Tran Nam Diing) Suppose that a, b are positive integers such that
2a—1, 2b—1 and a + b are all primes. Prove that a® 4+ b* and a® 4 b are not
divisible by a + b.

287.2 (Pham Dinh Trudng) Let ABCD be a square in which the two
diagonals intersect at E. A line through A meets BC' at M and intersects
CD at N. Let K be the intersection point of EM and BN. Prove that
CK 1 BN.

287.3 (Nguyén Xuan Hung) Let ABC be a right isosceles triangle, /A =
90°, I be the incenter of the triangle, M be the midpoint of BC. Let M I
intersect AB at N and E be the midpoint of IN. Furthermore, F' is chosen
on side BC such that FC = 3F B. Suppose that the line FF intersects AB
and AC at D and K, respectively. Prove that AADK is isosceles.

287.4 (Hoang Hoa Trai) Given a positive integer n, and w is the sum of
n first integers. Prove that the equation

m3+y3+z3+t3:2w3—1

has infinitely many integer solutions.
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288.1 (Vi Dic Canh) Find necessary and sufficient conditions for a,b, ¢
for which the following equation has no solutions:

alaz® +bx 4+ c)* + blaz? +br+¢) +c=x.

288.2 (Pham Ngoc Quang) Let ABCD be a cyclic quadrilateral, P be
a variable point on the arc BC' not containing A, and F' be the foot of the
perpendicular from C onto AB. Suppose that AM EF is equilateral, calcu-
late IK/R, where I is the incenter of triangle ABC and K the intersection
(distinct from A) of ray AI and the circumcircle of radius R of triangle ABC.

288.3 (Nguyén Van Théng) Given a prime p > 2 such that p — 2 is di-
visible by 3. Prove that the set of integers defined by y? — 23 — 1, where z,y
are non-negative integers smaller than p, has at most p — 1 elements divisible

by p.

289.1 (Thai Nhat Phugng) Let ABC be a right isosceles triangle with
A =90°. Let M be the midpoint of BC', G be a point on side AB such that
GB =2GA. Let GM intersect C'A at D. The line through M, perpendicular
to CG at E, intersects AC' at K. Finally, let P be the point of intersection
of DE and GK. Prove that DE = BC and PG = PFE.

289.2 (H6 Quang Vinh) Given a convex quadrilateral ABCD, let M and

N be the midpoints of AD and BC', respectively, P be the point of intersection

of AN and BM, and @ the intersection point of DN and CM. Prove that
PA PB QC @D

> 4
PN TP oM ToN T

and determine when equality holds.

290.1 (Nguyén Song Minh) Given z,y, z,t € R and real polynomial
F(z,y,z,t) = 9(x?y? + 1222 + 2262 + t22%) + 6x2(y? + %) — dayzt.

a) Prove that the polynomial can be factored into the product of
two quadratic polynomials.

b) Find the minimum value of the polynomial F' if zy + zt = 1.

290.2 (Pham Hoang Ha) Let M be a point on the internal angle bisector
AD of triangle ABC, M distinct from A, D. Ray AM intersects side AC at
E, ray CM meets side AB at F. Prove that if

1 11 1

ap2 VAT T ac? T ape
then AABC is isosceles.
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290.3 (D3 Anh) Consider a triangle ABC and its incircle. The internal
angle bisector AD and median AM intersect the incircle again at P and Q,
respectively. Compare the lengths of DP and M Q.

290. 4 (Nguyén Duy Lién) Find all pairs of integers (a, b) such that a+ b
divides a?b — 1.

290.5 (Dinh Thanh Trung) Determine all real functions f(x), g(x) such
that f(z) — f(y) = cos(x +y) - g(x —y) for all z,y € R.

290.6 (Nguyén Minh Ditc) Find all real numbers a such that the system
of equations has real solutions in z,y, z:

Ve—1+\y—1+vVz—1=a—1,
Ve+1l+y+1+vVz+1l=a+1.

290.7 (Poan Kim Sang) Given a positive integer n, find the number of
positive integers, not exceeding n(n + 1)(n + 2), which are divisible by n,
n—+1, and n + 2.

291.1 (Bui Minh Duy) Given three distinct numbers a, b, ¢ such that

a b c

bfc—i_cfa—'_afb:

0,
prove that any two of the numbers have different signs.

291.2 (D6 Thanh Han) Given three real numbers z,y, z that satisfy the
conditions 0 < z <y < 2z <1 and 3z + 2y + z < 4. Find the maximum value
of the expression 323 + 2y2 + 22.

291.3 (Vi Qubc Diing) Given a circle of center O and two points A, B on
the circle. A variable circle through A, B has center (). Let P be the reflection
of () across the line AB. Line AP intersects the circle O again at FE, while
line BE, E distinct from B, intersects the circle () again at F. Prove that F
lies on a fixed line when circle () varies.

291.4 (Vi Dic Son) Find all functions f : Q — Q such that
ff@)+y) =2+ fly) forzyeQ

291.5 (Nguyén Van Théng) Find the maximum value of the expression
2y —2) +y’(z —y) +2°(1 - 2),

where x,y, z are real numbers such that 0 <z <y <z < 1.
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291.6 (Va Thanh Long) Given an acute-angled triangle ABC' with side
lengths a,b,c. Let R, r denote its circumradius and inradius, respectively,
and F' its area. Prove the inequality

ab+bc+ca22R2+2Rr+iF.

V3

292.1 (Thai Nhat Phugng, Tran Ha) Let z,v, 2 be positive numbers such

that zyz = 1, prove the inequality

I‘Q y2 22

5, T 5.+ 30 —
r+y+yz yYy+z+zx z+x+zx°Y

292.2 (Pham Ngoc Boi) Let p be an odd prime, let aq,as,...,a,-1 be
p — 1 integers that are not divisible by p. Prove that among the sums T =
kia1 + koag + -+ - + k:p_lap_l, where k; € {—1, 1} fori=1,2,...,p—1, there
exists at least a sum T divisible by p.

292.3 (Ha Vu Anh) Given are two circles I and I intersecting at two
distinct points A, B and a variable point P on [}, P distinct from A and
B. The lines PA, PB intersect I3 at D and F, respectively. Let M be the
midpoint of DFE. Prove that the line M P has a fixed point.

294.1 (Phung Trong Thuc) Triangle ABC is inscribed in a circle of cen-
ter O. Let M be a point on side AC, M distinct from A, C, the line BM
meets the circle again at N. Let @ be the intersection of a line through A
perpendicular to AB and a line through N perpendicular to NC'. Prove that
the line QM has a fixed point when M varies on AC.

294.2 (Tran Xuan Bang) Let A, B be the intersections of circle O of ra-
dius R and circle O’ of radius R’. A line touches circle O and O at T and
T’, respectively. Prove that B is the centroid of triangle ATT" if and only if

V3

,—7
00 = 5

(R+R).

294.3 (Va Tri Dac) If a, b, ¢ are positive real numbers such that ab+ bc +
ca = 1, find the minimum value of the expression w(a? + b%) + ¢2, where w is

a positive real number.
294. 4 (Lé Quang Nam) Let p be a prime greater than 3, prove that ( p-1

1 is divisible by p?.

294. 5 (Truong Ngoc Dic) Let z,y, 2 be positive real numbers such that
x = max{x,y, z}, find the minimum value of

X z
+\/1+y+§/1+.
Yy z T

18

2001p2—1

)_



The Mathscope Vol I, Problems in Mathematics

294. 6 (Pham Hoang Ha) The sequence (a,), n = 1,2,3,..., is defined

_ 1 _
by Ap = W for n = 1,2,3,.... Prove that
1
a1 +ag+ - +a, < — for n=1,2,3,....
294.7 (Vi Huy Hoang) Given are a circle O of radius R, and an odd
natural number n. Find the positions of n points A1, As, ..., A, on the circle

such that the sum A1 As + AsAs +---+ A,_14, + A, A1 is a minimum.

295.1 (Tran Tuyét Thanh) Solve the equation
2 — 2 — 1000v/1 + 8000z = 1000.

295.2 (Pham Dinh Truong) Let A;AsA3A4A5As be a convex hexagon
with parallel opposite sides. Let By, Bo, and B3 be the points of intersection
of pairs of diagonals A1A4 and A2A5, A2A5 and AgAG, A3A6 and A1A4,
respectively. Let Cp,Cs,C3 be respectively the midpoints of the segments
AgAg, A1Ay, AsAs. Prove that B1Cq, BoCy, B3(C'3 are concurrent.

295.3 (Bui Thé Hung) Let A, B be respectively the greatest and smallest
numbers from the set of n positive numbers =1, s, ..., z,, n > 2. Prove that

(21 + @2+ -+ 2n)°
1+ 2x9 + - -+ + Ny

A< < 2B.

295.4 (Tran Tuan Anh) Prove that if z,y, z > 0 then
a) (@+y+2)°(y+z—w)(z+z—y)(@+y—2) <2727y,
b) (2 + P+ y+z—2)(z+z—y)(x+y—2) <zyzlyz + 2z + zy),
) (+y+2)[2(yz + 2z + zy) — (" + v + 2%)] < Izyz.

295.5 (Vi Thi Hué Phuong) Find all functions f : D — D, where D =
[1,4+00) such that

fxf(y) =yf(z) forz,yeD.

295.6 (Nguyén Viét Long) Given an even natural number n, find all poly-
nomials p,(z) of degree n such that

i) all the coefficients of p,(x) are elements from the set {0,—1,1} and
Pu(0) # 0;

ii) there exists a polynomial ¢(x) with coefficients from the set {0, —1,1}
such that p,(z) = (22 — 1)q(z).
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296.1 (Théi Ngoc Anh) Prove that

3—\/6+\/6+---+x/6

n times 5

< <?7,
3—1/6+16+--+v6

(n—1) times

| =

where there are n radical signs in the expression of the numerator and n — 1
ones in the expression of the denominator.

296.2 (Vi Qudc Diing) Let ABC be a triangle and M the midpoint of
BC'. The external angle bisector of A meets BC' at D. The circumcircle of
triangle ADM intersects line AB and line AC at E and F, respectively. If N
is the midpoint of E'F, prove that M N || AD.

296.3 (Nguyén Van Hién) Let k,n € N such that k < n. Prove that

(n+ 1)+ - n! - n"
(k+ 1)kt (n — k 4+ 1)n=k+L = El(n — k)~ kk(n —k+ 1)k

297.1 (Nguyén Hitu Phudc) Given a circle with center O and diameter
EF. Points N, P are chosen on line E'F such that ON = OP. From a point
M interior to the circle, not lying on E'F, draw M N intersecting the circle
at A and C, draw M P meeting the circle at B and D such that B and O are
on different sides of AC. Let K be the point of intersection of OB and AC,
@ the point of intersection of EF' and C'D. Prove that lines KQ, BD, AO
are concurrent.

297.2 (Tran Nam Diing) Let a and b two relatively prime numbers. Prove
that there exist exactly %(ab — a — b+ 1) natural numbers that can not be
written in the form ax + by, where x and y are non-negative integers.

297.3 (Lé Qudc Han) The circle with center I and radius r touches the
sides BC = a, CA = b, and AB = ¢ of triangle ABC at M, N, and P,
respectively. Let F' be the area of triangle ABC' and hg, hy, he be the lengths
of the altitudes of AABC. Prove that

a) 4F* =ab- MN? + bc- NP? + ca - PM?;

MN? NP? PM?

=1.
haly * hyhe + hehg

b)
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298.1 (Pham Hoang Ha) Let P be the midpoint of side BC of triangle
ABC and let BE, C'F be two altitudes of the triangle. The line through A,
perpendicular to PF', meets C'F' at M; the line through A, perpendicular to
PE, intersects BE at N. Let K and G be respectively the midpoints of BM
and CN. Finally, let H be the intersection of K F' and GE. Prove that AH
is perpendicular to E'F.

298.2 (Pham Dinh Truong) Let ABCD be a square. Points F and F'
are chosen on sides AB and CD, respectively, such that AF = CF. Let
AD intersect CE and BF at M and N, respectively. Suppose that P is the
intersection of BM and C'N, find the locus of P when E and F' move on the
side AB and CD, respectively.

298.3 (Nguyén Minh Ha) Let ABCD be a convex quadrilateral, let AB
intersect CD at E; AD intersects BC' at F. Prove that the midpoints of line
segments AB, CD, and EF are collinear.

298.4 (Nguyén Minh Ha) Given a cylic quadrilateral ABCD, M is any
point in the plane. Let X,Y, Z,T,U,V be the orthogonal projections of M
on the lines AB, CD, AC, DB, AD, and BC. Let E, F, G be the midpoints
of XY, ZT, and UV. Prove that E, F', and G are collinear.

300.1 (Va Tri Dic) Find the maximum and minimum values of the ex-
pression z+v/1 + y + yv/1 + =, where x,y are non-negative real numbers such
that z +y = 1.

300.2 (Nguyén Xuan Hung) Let P be a point in the interior of triangle
ABC'. The incircle of triangle ABC' is tangent to sides BC, CA and AB at
D, E, and F, respectively. The incircle of triangle PBC touches the sides
BC,CP,and PB at K, M, and N, respectively. Suppose that @ is the point
of intersection of lines FM and F'N. Prove that A, P, () are collinear if and
only if K coincides with D.

300.3 (Huynh TAn Chau) Determine all pairs of integers (m, n) such that

n (m2 — n2)”/m —1

m (m2—n2)n/m 41’

300.4 (V6 Giang Giai, Manh Ta) Prove that if a,b,¢,d,e > 0 then

a+b+g+d+e > \/5abcde+2i0,

where ¢ = (va — VB)* + (Vb — /&) + (Ve = Vi) + (Vi — /e)?.
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301.1 (Lé Quang Nam) Find all pairs of integers (z,y) such that z? +
xy + y? + 14z + 14y + 2018 is divisible by 101.

301.2 (Nguyén Thé Binh) Find smallest value of the expression
2 1 a* + b

ab+a2+b2+ 2

where a, b are real positive numbers such that a +b = 1.

301.3 (D6 Anh) Suppose that a, b, c are side lengths of a triangle and 0 <
t < 1. Prove that

a / b C
>2v1+t.
\/b+c—ta+ c+a—tb+\/a+b—tc_ +

301.4 (Nguyén Trong Tuin) The sequence (a,) is defined by a1 = 5, a2 =
11 and an4+1 = 2a, — 3ap—1 for n = 2,3, ... Prove that the sequence has in-

definitely many positve and negative terms, and show that asgge is divisible
by 11.

301.5 (Tran Xuan Dang) Find the maximum value of 3(a+b+c)—22abc,
where a,b, ¢ € R such that a® + > + ¢ = 1.

301.6 (Nguyén Van Tinh) Given is an equilateral triangle ABC with
centroid GG. A variable line through the centroid and intersects the side BC,
CA, and AB at M, N, and P respectively. Prove that GM 4 +GN~*+GP~*

is a constant.

301.7 (Lé Hao) A convex quadrilateral ABCD is inscribed in a circle with
center O, radius R. Let C'D intersect AB at F, a line through E meets the
lines AD and BC at P, Q. Prove that

1,1 2E0
EP " EQ ~ EO? — R?

and determine when equality holds.
306.1 (Phan Thi Mui) Prove that if z,y,z > 0 and £ + 1 + 1 =1 then
(4+y—z—1)y+z—z—-1)(z+x—y—1) <8

306.2 (Tran Tuin Anh) Given an integer m > 4, find the maximum and
minimum values of the expression ab™ ' 4a™ b, where a, b are real numbers
such that a+b=1and 0 <a,b < mﬁfz
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308.1 (Lé Thi Anh Thu) Find all integer solutions of the equation
d(a—z)(x —b)+b—a=1y>
where a, b are given integers, a > b.

308.2 (Phan Thé Hai) Given a convex quadrilateral ABCD, E is the
point of intersection of AB and C'D, and F is the intersection of AD and
BC. The diagonals AC and BD meet at O. Suppose that M, N, P, () are
the midpoints of AB, BC, CD, and DA. Let H be the intersection of OF
and M P, and K the intersection of OF and NQ. Prove that HK || EF.

309.1 (Vu Hoang Hiép) Given a positive integer n, find the smallest pos-
sible t = t(n) such that for all real numbers z1, z2, ..., z, we have

n
Z(x1+:z:2—i—---+xk)2§t(w%—|—x%—|—---+xi).
k=1

309. 2 (Lé Xuan Son) Given a triangle ABC, prove that

sinAcos B +sin BcosC + sinC cos A < 3:1/§

311.1 (Nguyén Xuan Hung) The chord PQ of the circumcircle of a tri-
angle ABC meets its incircle at M and N. Prove that PQ > 2MN.

311.2 (Pam Van Nhi) Given a convex quadrilateral ABC'D with perpen-
dicular diagonals AC' and BD, let BC intersect AD at I and let AB meet
CD at J. Prove that BDIJ is cyclic if and only if AB-CD = AD - BC.

318.1 (Pau Thi Hoang Oanh) Prove that if 2n is a sum of two distinct
perfect square numbers (greater than 1) then n? + 2n is the sum of four
perfect square numbers (greater than 1).

318.2 (Nguyén Dé) Solve the system of equations

22y + 2)? = (322 + x + 1)y?22,

v (z+2) = (47 +y+1)2°07,

2(x+y)? = (522 + 2+ ay>
318.3 (Tran Viét Hung) A quadrilateral ABCD is insribed in a circle
such that the circle of diameter C'D intersects the line segments AC, AD,
BC, BD respectively at Ay, As, B, Bo, and the circle of diameter AB meets
the line segments CA, CB, DA, DB respectively at C1, Ca, D1, Ds. Prove that

there exists a circle that is tangent to the four lines A1 Ay, B1 By, C1C5 and
D1 Ds.

23



The Mathscope Vol I, Problems in Mathematics

319.1 (Duwong Chau Dinh) Prove the inequality
1
Py +yiz+ e <t 4yt + 20 < 1+§(x4+y4+z4),
where x,y, 2z are real non-negative numbers such that x +y + z = 2.

319.2 (T6 Minh Hoang) Find all functions f : N — N such that
2(f(m* +n?))° = f2(m) f(n) + f*(n) f(m)

for distinct m and n.

319.3 (Tran Viét Anh) Suppose that AD, BE and CF are the altitudes
of an acute triangle ABC'. Let M, N, and P be the intersection points of AD
and FF, BE and FFD, CF and DF respectively. Denote the area of triangle
XY Z by F[XY Z]. Prove that

I _ FIMNP] _ 1
F[ABC| — F?[DEF] ~ 8cos Acos BcosC - F[ABC]’

320.1 (Nguyén Quang Long) Find the maximum value of the function
f=Vdzx — a3 +Vr+a3for0<z <2,

320.2 (Va Dinh Hoa) Two circles of centers O and O’ intersect at P and
Q (see Figure). The common tangent, adjacent to P, of the two circles touches
O at A and O’ at B. The tangent of circle O at P intersects O’ at C; and
the tangent of O" at P meets the circle O at D. Let M be the reflection of
P across the midpoint of AB. The line AP intersects BC at E and the line
BP meets AD at F. Prove that the hexagon AM BEQF is cyclic.

320.3 (Ho Quang Vinh) Let R and 7 be the circumradius and inradius
of triangle ABC; the incircle touches the sides of the triangle at three points
which form a triangle of perimeter p. Suppose that ¢ is the perimeter of
triangle ABC. Prove that r/R < p/q < 3.

321.1 (Lé Thanh Hai) Prove that for all positive numbers a, b, ¢, d

a b ¢_at+b+c
2> 7 .
a)b+c+a_ Ve
2 2 2 2
o by, o & atbtetd
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321.2 (Pham Hoang Ha) Find necessary and sufficient conditions for which
the system of equations

2 = (24 m)y® — 3y + my,
y? = (24+m)z® — 322 + mz,

22 = (2+m)a® — 32 + ma

has a unique solution.

321.3 (Tran Viét Anh) Let m,n,p be three positive integers such that
n+ 1 is divisible by m. Find a formula for the set of numbers (z1,z2, ..., xp)
of p positive primes such that the sum x; + x2 + --- 4 x,, is divisible by m,
with each number of the set not exceeding n.

322.1 (Nguyén Nhu Hién) Given a triangle ABC with incenter I. The
lines AI and DI intersect the circumcircle of triangle ABC' again at H and
K, respectively. Draw I.J perpendicular to BC' at J. Prove that H, K and J
are collinear.

322.2 (Tran Tudn Anh) Prove the inequality

1 /— 1 n
S+ D)1
2 i=1 =1 Y >
- - (A
i=1

n

where z; (i = 1,2,...,n) are positive real numbers such that Y z? = n, with
i=1

n as an integer, n > 1.

323.1 (Nguyén Ditc Thuan) Suppose that ABCD is a convex quadrilat-
eral. Points E, I are chosen on the lines BC and AD, respectively, such that
AFE || CD and CF || AB. Prove that A, B,C, D are concyclic if and only if
AFECF has an incircle.

323.2 (Nguyén Thé Phiét) Prove that for an acute triangle ABC,

1 5
cos A+ cos B + cosC' + g(COS3B + cos 3C) > 5
324.1 (Tran Nam Diing) Find the greatest possible real number ¢ such
that we can always choose a real number x which satisfies the inequality
sin(mx) + sin(nz) > ¢ for each pair of positive integers m and n.

325.1 (Nguyén Diang Phéat) Given a convex hexagon inscribed in a circle
such that the opposite sides are parallel. Prove that the sums of the lengths
of each pair of opposite sides are equal if and only if the distances of the
opposite sides are the same.
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325.2 (Pinh Van Kham) Given a natural number n and a prime p, how
many sets of p natural numbers {ag, a1, ...,ap—1} are there such that

a) 1<a;<n foreachi=0,1,...,p—1,
b) [ao,a1,...,ap—1] = pmin{ag,a1,...,ap_1},

where [ag,a1,...,ap—1] denotes the least common multiple of the numbers
ap, a1, ..., ap—17

327.1 (Hoang Trong Hao) Let ABCD be a bicentric quadrilateral (i.e.,
it has a circumcircle of radius R and an incircle of radius r). Prove that
R > rv2.

327.2 (Vi Dinh Thé) Two sequences (z,,) and (y,) are defined by
Tptl = —21‘721 — 2xpyn + 8y2, 1 =—1,
Yn+1 = 205 + 3TaYn — 29, Y1 =1
forn =1,2,3,.... Find all primes p such that x, + y, is not divisible by p.
328.1 (Bui Van Chi) Find all integer solutions (n, m) of the equation
(n+1)(2n +1) = 10m%

328.2 (Nguyén Thi Minh) Determine all positive integers n such that the
polynomial of n 4 1 terms

p(x> :x4n+x4(nfl)+.._+x8+x4+l
is divisible by the polynomial of n + 1 terms
q(x) — an} +x2(n—1) 4. +$4+$2 +1.

328.3 (Bui Thé Huing) Find the smallest possible prime p such that [(3+
\/13)2”] + 1 is divisible by 2"*! for each natural number n, where [z] denotes
the integral part of x.

328.4 (Han Ngoc Dic) Find all real numbers a such that there exists a
positive real number k£ and functions f : R — R which satisfy the inequality

f(x);rf(y) > f(w;ry>+k|x_y|a,

for all real numbers z,y.
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328.5 (Vu Hoang Hiép) In space, let Aj, As, ..., Ay, be n distinct points.
Prove that

a) Z LAiAi1Aipg >,
i=1

b) Z ZA,LQA,L+1 S (n — 1)71',

i=1

where A, 4; is equal to A; and @) is an arbitrary point distinct from Ay, As, ..., Ay,.

329.1 (Hoang Ngoc Minh) Find the maximum value of the expression
(a—=b)* 4+ (b—c)* + (¢ —a)t,
for any real numbers 1 < a,b,c < 2.

331.1 (Nguyén Manh Tuan) Let x,v, 2, w be rational numbers such that
T+ 1y + 2+ w = 0. Show that the number

V(ey — zw)(yz — we)(zz — yw)

is also rational.

331.2 (Bui Dinh Than) Given positive reals a, b, ¢,x, y, z such that
a+b+c=4 and ax+by+cz=1zyz,

show that x +y + 2z > 4.

331.3 (Pham Nang Khanh) Given a triangle ABC' and its angle bisector
AM, the line perpendicular to BC' at M intersects line AB at N. Prove that
/BAC is a right angle if and only if MN = MC.

331.4 (Pao Tam) Diagonals AC, BD of quadrilateral ABC D intersect at
I such that IA = 1ID and ZAID = 120°. From point M on segment BC, draw
MN || AC and MQ || BD, N and @ are on AB and CD, respectively. Find
the locus of circumcenter of triangle M NQ when M moves on line segment
BC.

331.5 (Nguyén Trong Hiép) Let p, ¢ be primes such that p > ¢ > 2. Find

all integers k such that the equation (pz — qy)? = kxyz has integer solutions
(z,y,z) with xy # 0.
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331.6 (Han Ngoc Dic) Let a sequence (u,), n =1,2,3,..., be given de-
fined by u, =n?" foralln=1,2,.... Let

Prove that the sequence (z,) has a limit as n tends to infinity and that the
limit is irrational.

331.7 (Tran Tuin Anh) Find all positive integers n > 3 such that the
following inequality holds for all real numbers a1, ag, ..., a, (assume a,41 =

al)

n 2
Yo (ai—ay)?< (Z\ai—aml) :
=1

1<i<j<n

332.1 (Nguyén Van Ai) Find the remainder in the integer division of the
number a® + b® by 5, where a = 22...2 with 2004 digits 2, and b = 33...3
with 2005 digits 3 (written in the decimal system).

332.2 (Nguyén Khanh Nguyén) Suppose that ABC' is an isosceles tri-
angle with AB = AC. On the line perpendicular to AC at C, let point D
such that points B, D are on different sides of AC. Let K be the intersection
point of the line perpendicular to AB at B and the line passing through the
midpoint M of C'D, perpendicular to AD. Compare the lengths of KB and
KD.

332.3 (Pham Van Hoang) Consider the equation
2% — 2kxy? + k(y® —1) =0,

where k is some integer. Prove that the equation has integer solutions (x,y)
such that z > 0, y > 0 if and only if k is a perfect square.

332.4 (D6 Van Ta) Solve the equation

332.5 (Pham Xuan Trinh) Show that if a > 0 then
Va+ Va+ Va<a+2.

332.6 (Bui Van Chi) Let ABCD be a parallelogram with AB < BC'. The
bisector of angle /BAD intersects BC' at E; let O be the intersection point of
the perpendicular bisectors of BD and CE. A line passing through C parallel
to BD intersects the circle with center O and radius OC' at F. Determine
ZAFC.
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332.7 (Phan Hoang Ninh) Prove that the polynomial
p(z) = z* — 200323 4 (2004 + a)2? — 2005z + a

with a € Z has at most one integer solution. Furthermore, prove that it has
no multiple integral root greater than 1.

332.8 (Phung Van St&) Prove that for any real numbers a, b, ¢

4
(a® +3)(b* +3)(c* +3) > 2—7(3ab + 3bc 4 3ca + abe)?.

332.9 (Nguyén Van Thanh) Determine all functions f(z) defined on the
interval (0, +o00) which have a derivative at x = 1 and that satisfy

flay) =vaf(y) + Vyf(x)
for all positive real numbers x, y.

332.10 (Hoang Ngoc Canh) Let A1 A, ... A, be a n-gon inscribed in the
unit circle; let M be a point on the minor arc Ay A,. Prove that

a) MA, + MAs+ -+ MAy_o+ MA, < % for n odd;
b) MA1+MA3+~--+MAn_3+MAn_1g% for n even.

When does equality hold?

332.11 (Pang Thanh Hai) Let ABC be an equilateral triangle with cen-
troid O; / is a line perpendicular to the plane (ABC) at O. For each point
S on £, distinct from O, a pyramid SABC' is defined. Let ¢ be the dihe-
dral angle between a lateral face and the base, let ma be the angle be-
tween two adjacent lateral faces of the pyramid. Prove that the quantity
F(¢,7v) = tan? ¢ [3tan?(y/2) — 1] is independent of the position of S on £.

334.1 (Dang Nhu Tuan) Determine the sum

1 1 1 1

123 234 T nmey T T a3 2405

334.2 (Nguyén Phuéc) Let ABC be a triangle with angle A not being
right, B # 135°. Let M be the midpoint of BC. A right isosceles triangle
ABD is outwardly erected on the side BC' as base. Let E be the intersection
point of the line through A perpendicular to AB and the line through C
parallel to M D. Let AB intersect CE and DM at P and @, respectively.
Prove that @ is the midpoint of BP.
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334.3 (Nguyén Duy Lién) Find the smallest possible odd natural number
n such that n? can be expressed as the sum of an odd number of consecutive
perfect squares.

334.4 (Pham Viét Hai) Find all positive numbers a, b, ¢, d such that

a? . b2 . 2 n d?
b+c¢c c¢c+d d+a a-+b
A+ +E+d2>1.

=1 and

334.5 (Dao Quéc Diing) The incircle of triangle ABC (incenter I) touches
the sides BC,CA, and AB respectively at D, E, F'. The line through A per-
pendicular to IA intersects lines DE, DF at M, N, respectively; the line
through B perpendicular to I B intersect EF, ED at P, (), respectively; the
line through C perpendicular to IC intersect lines F'D, FE at S,T, respec-
tively. Prove the inequality

MN + PQ + ST > AB + BC + CA.

334.6 (Vu Hiu Binh) Let ABC be a right isosceles triangle with A = 90°.
Find the locus of points M such that M B? — MC? = 2M A?.

334.7 (Tran Tuidn Anh) We are given n distinct positive numbers, n > 4.
Prove that it is possible to choose at least two numbers such that their sums
and differences do not coincide with any n — 2 others of the given numbers.

335.1 (Vi1 Tién Viét) Prove that for all triangles ABC

~+ cos + cos

1
cosA+cosB +cosC < 1—|—6<cos

335.2 (Phan Ditc Tuan) In triangle ABC, let BC =a, CA=b, AB=c
and F be its area. Suppose that M, N, and P are points on
the sides BC, C'A, and AB, respectively. Prove that

ab- MN? +bc- NP? + ca - PM? > 4F2.

335.3 (Tran Van Xuéan) In isosceles triangle ABC, ZABC = 120°. Let
D be the point of intersection of line BC and the tangent to the circumcircle
of triangle ABC' at A. A line through D and the circumcenter O intersects
AB and AC at F and F, respectively. Let M and N be the midpoints of AB
and AC'. Show that AO, M F and NE are concurrent.
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336.1 (Nguyén Hoa) Solve the following system of equations

a b
———=c—zx,
Tz
b ¢
- - =a—-wy,
Yy x
c a
- ——=b—-y=z
Y

336.2 (Pham Van Thuan) Given two positive real numbers a, b such that
a®? 4+ b? = 1, prove that

i+222\/§+<\/§—\/5>2.

336.3 (Nguyén Hong Thanh) Let P be an arbitrary point in the interior
of triangle ABC'. Let BC' = a, CA = b, AB = c. Denote by u, v and w the
distances of P to the lines BC, CA, AB, respectively. Determine P such
that the product uvw is a maximum and calculate this maximum in terms of
a,b,c.

336.4 (Nguyén Lam Tuyén) Given the polynomial Q(z) = (p — 1)aP —
x — 1 with p being an odd prime number. Prove that there exist infinitely
many positive integers a such that Q(a) is divisible by p”.

336.5 (Hoang Minh Dung) Prove that in any triangle ABC the following
inequalities hold:

3
a) cos A+ cos B+ cosC + cot A + cot B + cot C' > §+\/§;

A B
b) \/§(COSA+COSB+COSC)—i—cot——i—cot— + cot ¢ > 9\2/5

2 2 2
337.1 (Nguyén Thi Loan) Given four real numbers a, b, ¢, d such that 4a%+
b> = 2 and ¢ + d = 4, determine the maximum value of the expression
f =2ac+ bd + cd.

337.2 (Vi Anh Nam) In triangle ABC, let D be the intersection point of
the internal angle bisectors BM and CN, M on AC and N on AB. Prove
that ZBAC = 90° if and only if 2BD - CD = BM - CN.

337.3 (Tran Tuan Anh) Determine the maximum value of the expression
f=(@-y)(y—2)(z—2z)(x+y+ z), where z,y, 2 lie in the interval [0, 1].
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337.4 (Han Ngoc Dic) Let n,n > 2, be a natural number, a, b be positive
real numbers such that a < b. Suppose that x1,z9,...,x, are n real numbers
in the interval [a, b]. Find the maximum value of the sum

> (@i — )%

1<i<j<n

337.5 (Lé Hoai Bac) A line through the incenter of a triangle ABC inter-
sects sides AB and AC at M and N, respectively. Show that

MB-NC < BC?

MA-NA ~— 4AB- AC’

338.1 (Pham Thinh) Show that if a,b, ¢, d, p, q are positive real numbers
with p > ¢ then the following inequality holds:

a b c d 4
+ + + > .
pb+qc  pc+qd pd+qga  pa+qgb " p+gq

Is the inequality still true if p < ¢?

338.2 (Tran Quang Vinh) Determine all functions f : R — R satisfying
the condition f(z*+ f(y)) =y + = f(z) for all real numbers z, y.

338.3 (Tran Viét Anh) Determine the smallest possible positive integer n
such that there exists a polynomial p(x) of degree n with integer coefficients
satisfying the conditions

a) p(0) =1, p(1) = L;
b) p(m) divided by 2003 leaves remainders 0 or 1 for all integers
m > 0.

338.4 (Hoang Trong Hao) The Fibonacci sequence (Fy,), n=1,2,..., s
defined by F1 = F» =1, F41 = Fj, + F,—1 for n = 2,3,4,.... Show that if
a# Fny1/F, for allm =1,2,3,... then the sequence (z,), where

1
T =a, T =—) n=12 ...
1 n+1 1+xn

is defined and has a finite limit when n tends to infinity. Determine the limit.

339.1 (Ngd Van Khuong) Given five positive real numbers a, b, ¢, d, e such
that a® + b2 + ¢ + d? + €% < 1, prove that

1 N 1 n 1 n 1 n 1 >25
1l4ab 14+bc 14+ecd 14+de 1+ea " 6°
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339.2 (Lé Chu Bién) Suppose that ABCD is a rectangle. The line per-
pendicular to AC' at C' intersects lines AB, AD respectively at E, F'. Prove
the identity BEVCF + DFVCE = ACVEF.

339.3 (Tran Héng Son) Let I be the incenter of triangle ABC and let my,
my, me be the lengths of the medians from vertices A, B and C, respectively.
Prove that
ITA? IB%* IC?
+

2 2 2
m; mj ms

<

>~ w

339.4 (Quach Van Giang) Given three positive real numbers a, b, ¢ such
that ab + bc + ca = 1. Prove that the minimum value of the expression
2?2 + ry? + t2? is 2m, where m is the root of the cubic equation 2x3 + (r +
s+ 1)z2 —rs = 0 in the interval (0,+/7s). Find all primes r, s such that 2m
is rational.

339.5 (Nguyén Trudng Phong) The sequence (z,,) is defined by
(2n)!
(n!)2.22n’

Prove that the sequence (x,) has a limit when n tends to infinity and deter-
mine the limit.

an
n o

Tp=a where a, = forn=1,2,3,....

339.6 (Huynh Tin Chau) Let a be a real number, a € (0,1). Determine
all functions f : R — R that are continuous at x = 0 and satisfy the equation

f(@) = 2f(az) + f(a’z) = 2

for all real z.

339.7 (Nguyén Xuan Hung) In the plane, given a circle with center O
and radius r. Let P be a fixed point inside the circle such that OP = d > 0.
The chords AB and CD through P make a fixed angle a, (0° < a < 90°).
Find the maximum and minimum value of the sum AB+ C'D when both AB
and CD vary, and determine the position of the two chords.

340.1 (Pham Hoang Ha) Find the maximum value of the expression

r+y y+z z+4+<x
1+2z 142 14y’

where z,y, z are real numbers in the interval [1, 1].

340.2 (Nguyén Quynh) Let M be a point interior to triangle ABC, let
AM intersect BC at E, let CM meet AB at F. Suppose that N is the
reflection of B across the midpoint of EF. Prove that the line M N has a
fixed point when M moves in the triangle ABC.
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340.3 (Tran Tuan Anh) Let a,b,c be the side lengths of a triangle, and
F' its area, prove that F' < %(abc)z/ 3 and determine equality cases.

340.4 (Han Ngoc Ditc) Given non-negative integers n,k, n > 1 and let
{a1,as2,...,a,} be the n real numbers, prove that

) if;)_

i=1 j=1 k+z+]

340.5 (Tran Minh Hién) Does there exist a function f : R* — R* such
that

FA(@) = flz+y)(f(z) +y)

for all positive real numbers x, y?

341.1 (Tran Tuyét Thanh) Find all integers z,y, z,t such that
Y + yz + Zt —_ $2005.

341.2 (Nguyén Hitu Bing) Solve the equation
(2% — 122 — 64)(2? + 30z + 125) + 8000 = 0.

341.3 (Doan Qubc Viét) Given an equilateral triangle ABC, let D be the
reflection of B across the line AC. A line through point B intersects the lines
AD, CD at M and N respectively, F is the point of intersection of AN and
CM. Prove that A,C, D, and E are concyclic.

341.4 (Nguyén Thanh Nhan) Prove that for every positive integer n >
2, there exist n distinct positive integers such that the sum of these numbers
is equal to their least common multiple and is equal to n!.

341.5 (Nguyén Vi Luongg) Prove that if ,y,z > 0 then

a) \J—— 4| — 2 ———— 52
Y+ 2z x+ 2z rT+y+z

b) ¢/ ——— 4+ L y2s/— >
y+ 2z T+ 2z T+y+z

342.1 (Tran Van Hinh) Let ABC be an isosceles triangle with ZABC =
ZACB = 36°. Point N is chosen on the angle bisector of ZABC such that
ZBCN = 12°. Compare the length of CN and CA.
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342.2 (Cu Huy Toan) Find integers (z,y) such that
522 4+ 4y? +5 = (2 + 42 + 1)2
342.3 (Tran Tuin Anh) Show that if a > 0, then

2v/2
\/9+a2\/6+\/m.

When does the equality hold?

342.4 (Nguyén Minh Ha) Given an isosceles triangle ABC with AB =
AC amd ZBAC = 80°. Point M is interior to the triangle such that ZM AC =
20° and ZMCA = 30°. Calculate /M BC.

342.5 (Bui Van Chi) Let (w) be a circle. Suppose that three points A, B,
and C on the circle are not diametrically symmetric, and AB # BC. A line
passing through A perpendicular to OB intersects CB at N. Let M be the
midpoint of AB, and D be the second intersection of BM and the circle.
Suppose that OF is the diameter of the circle through points B, D and the
center of the circle. Prove that A, C, E are collinear.

342.6 (Nguyén Trong Quan) Let 7, R be the inradius, circumradius of a
triangle ABC', respectively. Prove that

cos Acos BcosC < ( ! )2.
Rv?2
342.7 (Pham Ngoc Bo6i) Let S be a set of 2005 positive numbers aq, ag,
..., a9005- Let T; be the non-empty subset of S, s; be the sum of the numbers
belonging T;. Prove that the set of numbers s; can be partitioned into 2005
non-empty disjoint subsets so that the ratio of two arbitrary numbers in a
subset does not exceed 2.

342.8 (D6 Thanh Son) Suppose that a,b,c,d are positive real numbers
such that (bc — ad)? = 3(ac + bd)?. Prove that

Vie—c)24 (b—d)? > %(\/a2+b2+\/c2+d2).

342.9 (Tran Van Tan) The sequence (z,) (n = 1,2,...,) is defined by
r1 =1, and

Tri1 = Vo (xn +1)(n +2) (2, +3) + 1, forn=1,2,...

Let
Lo o
x1+2  x9+2 Tn + 27

Find lim y,.
n—oo

Yn =
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343.1 (Vinh Linh) Triangle ABC has ZBAC = 55°, ZABC = 115°. A
point P is chosen on the internal angle bisector of angle AC'B such that
/PAC = 25°. With proof, find ZBPC.

343.2 (Pham Hoang Ha) Find all natural numbers z,y, z such that 23 +
y3 =223, and x + y + 2 is a prime.

343.3 (Cao Xuan Nam) Let a,b > 1 be real numbers such that a+b < 4,
find the minimum value of the expression

a* b

RSV ViR

343.4 (Pham Huy Théng) An isosceles triangle ABC has BC = a, AB =
AC = b, a > b. The bisector BD is equal to b, prove that

(149G

343.5 (Nguyén Viet Ha) A triangle ABC has internal angle bisectors
AP, BQ, and CR. Suppose that ZPQR = 90°, find ZABC, ZBCA, and
/CAB.

343.6 (Phan Thanh Nam) For each each positive number z, denote by
a(x) the number of prime numbers not exceeding x. For each positive integer
m, denote by b(m) the number of prime divisors of m. Prove that for each
positive integer n, we have

a(n)—i—a(%)—i—---%—a(%):b(1)+b(2)+~--+b(n).

343.7 (Lé Thita Thanh) Without the aid of calculators, find the measure
of acute angle x if

1
\/1+(2+\f—f—\/€)2'

COST —

343.8 (Luu Xuan Tinh) Suppose that triangle ABC has a? = 4F cot A,
where BC' = a, and F' denotes the area of triangle ABC. Let O and G be

respectively the circumradius and centroid of triangle ABC'. Find the angle
between AG and OG.

343.9 (Phan Tuin Céng) For a triangle ABC, find A, B, and C such
that sin? A 4 sin? B — sin? C' is a minimum.
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343.10 (Nguyén Minh Ha) On the side of triangle ABC, equilateral tri-
angles ABE, AC'F are outwardly constructed. Let G be the center of triangle
ABC, and K the midpoint of EF. Prove that AKGC is right and one of its
angle is 60°.

343.11 (Nguyén Minh Ha) Let ABC be a triangle with internal angle
bisectors AP, BQ, and CR. Let M be any point in the plane of the triangle
ABC but not on its sides. Let X,Y, and Z be reflections of M across AP,
BQ, and CR. Prove that AX, BY, CZ are either concurent or pairwisely
parallel.

343.12 (Nguyén Minh Ha) Let M be any point in the plane of triangle
ABC. Let H, K, L be the projections of M on the lines BC', CA, AB. Find
the locus of M such that H, K, L are collinear.

200.1 (Pham Ngoc Quang) In a triangle ABC, let BC = a, CA = b,
AB = ¢, I be the incenter of the triangle. Prove that

a.IA? + b.IB? + c.1C? = abe.

200. 2 (Tran Xuan Dang) Let a,b,c¢ € R such that a + b+ ¢ = 1, prove
that

15(a® + b3 + ¢ 4 ab + be + ca) + Yabe > 7.

200. 3 (Dang Hung Thang) Let a,b, ¢ be integers such that the quadratic
function az? + bz + ¢ has two distinct zeros in the interval (0,1). Find the
least value of a, b, and c.

200.4 (Nguyén Ding Phat) A circle is tangent to the circumcircle of a
triangle ABC and also tangent to side AB, AC at P, @ respectively. Prove
that the midpoint of PQ is the incenter of triangle ABC. With edge and
compass, construct the circle tangent to sides AB and AC and to the circle
(ABQC).

200.5 (Nguyén Van Mau) Let z,y, z,t € [1,2], find the smallest positive
possible p such that the inequality holds

y+t+z+t< y+z x4z
r+z t+x " " \x+y y+t)’

200.6 (Nguyén Minh Ha) Let a,b,c be real positive numbers such that
a+ b+ ¢ =m, prove that sina + sinb + sinc + sin(a + b+ ¢) < sin(a + b) +
sin(b + ¢) + sin(c + a).
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208.1 (Dang Hung Thang) Let a1, as,...,a, be the odd numbers, none
of which has a prime divisors greater than 5, prove that
a1 | as ay, 8"

208.2 (Tran Vian Vuoéng) Prove that if 7, and s are real numbers such
that 3 + s > 0, then the equation 23 + 3rz — 2s = 0 has a unique solution

x:</5+\/52+r3—|—</5—\/52—r3.

Using this result to solve the equations 224+ xz+1 = 0, and 2023 — 1522 —1 = 0.

209.1 (Pang Huing Thang) Find integer solutions (z,y) of the equation
(@ +y)(z+y°) = (- y)*.

209. 2 (Tran Duy Hinh) Find all natural numbers n such that n"*! 4+ (n+
1)™ is divisible by 5.

209. 3 (Dao Truong Giang) Given a right triangle with hypotenuse BC,
the incircle of the triangle is tangent to the sides AB amd BC' respectively at
P, and Q. A line through the incenter and the midpoint F' of AC' intersects
side AB at E; the line through P and @) meets the altitude AH at M. Prove
that AM = AFE.

213.1 (H6 Quang Vinh) Let a,b, ¢ be positive real numbers such that a+
b+ ¢ = 2r, prove that

ab be ca

+ + > 4r.
r—c r—a r—2>

213.2 (Pham Van Hung) Let ABC be a triangle with altitude AH, let
M, N be the midpoints of AB and AC. Prove that the circumcircles of
triangles HBM, HCN, amd AMN has a common point K, prove that the
extended H K is through the midpoint of M N.

213.3 (Nguyén Minh Dic) Given three sequences of numbers {z, 1},
{yn}o2 o, {zn}22 such that xo, o, 20 are positive, Tp+1 = ypn + i, Ynil =
Zn+ %, Zn4l = Tp+ yin for all n > 0. Prove that there exist positive numbers
s and t such that s\/n < x, < ty/n for all n > 1.

216.1 (Théi Ngoc Anh) Solve the equation

(x+22% 4+ (x+33+ (xz+4)*=2

38



The Mathscope Vol I, Problems in Mathematics

216.2 (Lé Quéc Han) Denote by (O, R), (I, R,) the circumcircle, and the
excircle of angle A of triangle ABC'. Prove that

TA.IB.IC = 4R.R%.
216.3 (Nguyén Dé) Prove that if —1 < a < 1 then
V1i—a2+V1i—a+vV1+a<3.

216.4 (Tran Xuan Dang) Let (x,) be a sequence such that z1 = 1, (n +
D(zp+1 — xn) > 1+ 2, Vn > 1, n € N. Prove that the sequence is not
bounded.

216.5 (Hoang Ditc Tan) Let P be any point interior to triangle ABC), let
da,dp,dc be the distances of P to the vertice A, B, C respectively. Denote
by p, q,r distances of P to the sides of the triangle. Prove that

disin® A+ dhsin® B+ dg.sin’ C < 3(0% + ¢* + 7).

220.1 (Tran Duy Hinh) Does there exist a triple of distinct numbers a, b, ¢
such that

(=04 (b—c)°+ (c—a)®=0.

220.2 (Pham Ngoc Quang) Find triples of three non-negative integers

(x,7, z) such that 322 + 54 = 2y? 4+ 422, 522 + 74 =3y> + 722, and z +y + 2

is a minimum.

220.3 (Dang Hiuing Thang) Given a prime number p and positive integer
p—1

a, a < p, suppose that A = > ak. Prove that for each prime divisor q of A,
k=0

we have ¢ — 1 is divisible by p.

220.4 (Ngoc Pam) The bisectors of a triangle ABC meet the opposite

sides at D, E, F. Prove that the necessary and sufficient condition in order
for triangle ABC' to be equilateral is

Area(DEF) = %Area(ABC).

220.5 (Pham Hién Bing) In a triangle ABC, denote by l4, Iy, . the in-
ternal angle bisectors, m,, my, m. the medians, and hg, hy, h. the altitudes to
the sides a, b, ¢ of the triangle. Prove that

ma+mb+mc>§
Ib+hy le+he log+hg 2
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220. 6 (Nguyén Hitu Thao) Solve the system of equations

22+ + xy = 37,
:L‘2+z2+zm:28,
2+ 22+ yz = 19.

221.1 (Ngo Han) Find the greatest possible natural number n such that
1995 is equal to the sum of n numbers a1, ag, . .., a,, where a;, (i = 1,2,...,n)
are composite numbers.

221.2 (Tran Duy Hinh) Find integer solutions (z,y) of the equation x(1+
r+2%) =4dy(y +1).

221.3 (Hoang Ngoc Canh) Given a triangle with incenter I, let ¢ be vari-
able line passing through I. Let ¢ intersect the ray C'B, sides AC, AB at
M, N, P respectively. Prove that the value of
AB n AC BC
PA.PB NANC MB.MC

is independent of the choice of £.

221.4 (Nguyén Ditc Tan) Given three integers x,y, z such that x* + y* +
24 = 1984, prove that p = 20% + 11¥ — 19967 can not be expressed as the
product of two consecutive natural numbers.

221.5 (Nguyén Lé Dung) Prove that if a,b,¢ > 0 then
a?+b? b+ A+ad? <3(a2—|—b2+02)
a+b b+c c+a —  a+b+c

221.6 (Trinh Bang Giang) Let I be an interior point of triangle ABC.
Lines TA, IB,IC meet BC,CA, AB respectively at A’, B’, C’. Find the locus
of I such that

(TAC")? + (IBA")? + (ICB')?> = (IBC')?> 4 (ICA")? + (IAB')?,
where (.) denotes the area of the triangle.

221.7 (H6 Quang Vinh) The sequences (ay,)nen+, (bn)nen+ are defined as
follows

1+n(1+n) n n"(1+n")
a, = - @7 e - 7
" 1+ n? 1+ n?n
1
a n(n+1)

b, = (i) , Vn € N*.

" n+1 "
Find lim b,.

n—oo
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242.1 (Pham Htwu Hoai) Let «, 3,7 real numbers such that a < 5 < 7,
a < (. Let a,b,c € |a, ] sucht that a + b+ ¢ = a + § + . Prove that

a2+ b0+ <o+ 32 +42

242.2 (Lé Van Bao) Let p and ¢ be the perimeter and area of a rectangle,
prove that

32q
P> .
2q+p+2

242.3 (T6 Xuan Hai) In triangle ABC with one angle exceeding %w, prove
that

A B
tan§ +tan5+tan% 24—\/5.

230.1 (Tran Nam Diing) Let m € N, m > 2, p € R, 0 < p < 1. Let

ai,az,...,an, be real positive numbers. Put s = > a;. Prove that
i=1
m ) P _ A \P
> () = (50
, s — a I-p\ »
=1
with equality if and only if a; = ag = -+ = ay, and m(1 — p) = 1.

241.3 (Nguyén Khanh Trinh, Tran Xuan Dang) Prove that in any acute
triangle ABC, we have the inequality

sin Asin B + sin Bsin C' + sin C'sin A < (cos A + cos B + cos ).

243.2 (Ngo Duc Minh) Solve the equation

Vaz? +5r+1—-2v22 —z+1=92 — 3.

243.3 (Tran Nam Diing) leen 2n real numbers ay, as, ..., an; b1,ba, ..., by,

suppose that Z a; # 0 and Z b; # 0. Prove that the following inequality

Jj=1 Jj=1
1
n n n 2 9 n n
2 2
PICUERA DA R DI RaE= DO N DI B

j=1 j=1 j=1 = j=1

with equaltiy if and only if

a; bi 2

+ , 1=1,2,...,n
i . 27;:1 b n
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243.4 (Ha Dic Vuong) Given a triangle ABC, let AD and AM be the
internal angle bisector and median of the triangle respectively. The circum-
circle of ADM meet AB and AC at E, and F respectively. Let I be the
midpoint of EF, and N, P be the intersections of the line M1 and the lines
AB and AC respectively. Determine, with proof, the shape of the triangle
ANP.

243.5 (T6 Xuan Hai) Prove that

1 1
tan — tan 2 tan3 — tan — = .
arctan 5 -+ arctan 2 + arctan arctan 539 i

267.4 (Vi Ngoc Minh, Pham Gia Vinh Anh) Let a,b be real positive
numbers, x,y, z be real numbers such that

2+ 22 = b,

y? + (a — b)y(z + x) = 2ab*.

Prove that y(z — x) < (a + b)b with equality if and only if

avb bVb
T=t—— 2=TF———, z=TFb(a?+b?).
Va?+b $\/a2 +b TV )

295.7 (Hoang Van Dac) Let a,b,c,d € R such that a +b+c+d = 1,
prove that

N | —

(a+c)(b+d)+2(ac+bd) <

344.1 (Vi H@u Chin) Let ABC be a right isosceles triangle with hy-
pothenuse BC'. Let M be the midpoint of BC, G be a point chosen on the
side AB such that AG = %AB, FE be the foot of the perpendicular from M
on CG. Let MG intersect AC at D, compare DE and BC.

344.2 (Hoang Anh Tuén) Solve the equation

24z 2—=x
\/§+\/2+w+\f—\/2—x:\/§'

344.3 (Vi Dic) Sovle the system of equations
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344.4 (Ta Hoang Thong) Let a,b, ¢ be positive real numbers such that
a®? +b% + ¢ = 3, find the greatest possible constant \ such that

ab® 4 be? + ca? > Mab + be + ca)?.

344.5 (Han Ngoc Dic) Let X be any point on the side AB of the paral-
lelogram ABCD. A line through X parallel to AD intersects AC at M nad
intersects BD at N; XD meets AC at P and XC cuts BD at ). Prove that

MP  NQ _ 1

AC TBDT 3
When does equality hold?

344.6 (H6 Quang Vinh) Given a triangle ABC with altitudes AM, BN
and inscribed circle (I"), let D be a point on the circle such that D is distinct
from A, B and DA and BN have a common point Q. The line DB intersects
AM at P. Prove that the midpoint of PQ lies on a fixed line as D varies on
the circle (T").

344.7 (Luu B4 Thang) Let p be an odd prime number, prove that

i0 (;> <pij) — (2P +1)

is divisble by p?.

(]

<.

344.8 (Tran Nguyén An) Let {f(z)}, (n = 0,10,2,...) be a sequence of
functions defined on [0, 1] such that

folx) =0, and fop1(z) = fulz) + %(m C (Fa(@)?) forn=0,1,2, ...

Prove that (x) < /x, for n € N,z € [0, 1].

nx <f
24 nyx ~ "

344.9 (Tran Nguyén Binh) Given a polynomial p(z) = 22 — 1, find the
number of distinct zeros of the equation

where there exist 2006 notations of p inside the equation.

344.10 (Nguyén Minh Ha) Let ABCDEF be a convex inscribable hexagon.
The diagonal BF meets AE, AC respectively at M, N; diagonal BD inter-
sects CA, CFE at P,(Q in that order, diagonal DF cuts EC, EA at R, S
respectively. Prove that MQ, NR, and PS are concurrent.
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344.11 (Vietnam 1991) Let A, B, C be angles of a triangle, find the min-
imum of

(1 + cos® A)(1 + cos? B)(1 + cos? C).

344.12 (Vietnam 1991) Let x1,x9,...,x, be real numbers in the interval
[-1;1], and 1 + 22 + - - - + x,, = n — 3, prove that

x%+m%+---—|—x%_1+:ﬁi§n—1.

345.1 (Tran Tuin Anh) Let z,y be real numbers in the interval [0,
find the maximum of

__* Yy

AR

el
V21

p

345.2 (Cu Huy Toan) Prove that

3v3 Yz zx Yy 1
< + + < s(@+y+2),
4 “z(l+yz) y(A+4+zz) zQ+zy) — 4( y+2)

where z,y, z are positive real numbers such that z + y + z = zy=z.

345.3 (Hoang Hai Duong) Points F, and D are chosen on the sides AB,
AC of triangle ABC such that AE/EB = CD/DA. Let M be the intersection
of BD and C'E. Locate E and D such that the area of triangle BMC' is a
maximum, and determine the area in terms of triangle ABC.

345.4 (Hoang Trong Hao) Find all z such that the following is an integer.

\/E
z/r — 3T +3

345.5 (Lé Hoai Bac) Let ABC be a triangle inscribable in circle (T). Let
the bisector of ZBAC meet the circle at A and D, the circle with center D,
diameter D meets the line AB at B and (@), intersects the line AC at C and
O. Prove that AO is perpendicular to PQ.

345.6 (Nguyén Trong Tuén) Determine all the non-empty subsets A, B, C
of N such that

i) ANB=BNC=CnA=J;
ii) AUBUC =N;

iii) Foralla€c A, be B,ce Cthena+c€ A,b+ce€ B,anda+beC.
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345.7 (Nguyén Trong Hiép) Find all the functions f : Z — Z satisfying
the following conditions

i) f(f(m —n) = f(m?) + f(n) —2n.f(m) for all m,n € Z;
ii) f(1) > 0.

345.8 (Nguyén Dé) Let AM, BN,CP be the medians of triangle ABC.
Prove that if the radius of the incircles of triangles BCN,CAP, and ABM
are equal in length, then ABC is an equilateral triangle.

346.1 (D6 Ba Chu) Determine, with proof, the minimum of

(22 + 1)Va2+1— Vot + 222+ 5+ (z — 1)%

346.2 (Hoang Hung) The quadrilateral ABCD is inscribed in the circle
(O) and AB intersects C'D at some point, let I be the point of intersection
of the two diagonals. Let M and N be the midpoints of BC' and C'D. Prove
that if NI is perpendicular to AB then M1 is perpendicular to AD.

346.3 (Tran Qudc Hoan) Given six positive integers a,b,c,d,e, and f
such that abc = def, prove that

a(b? + ¢ +d(e* + f?)
is a whole number.

346.4 (Bui Dinh Than) Given quadratic trinomials of the form f(z) =
ax? +bx + ¢, where a, b, ¢ are integers and a > 0, has two distinct roots in the
interval (0,1). Find all the quadratic trinomials and determine the one with
the smallest possible leading coefficient.

346.5 (Pham Kim Hung) Prove that
zy +yz + zx > 8(x% + y° + 22)(2%y? + y22% + 2%2?),
where z,y, z are non-negative numbers such that x +y + 2z = 1.

346.6 (Lam Son, Thanh Hoa) Let x,y, z be real numbers greater than 2
1

such that — 4+ — + — = 1, prove that
x Yy z

(x—2)y—2)(=-2) < L.

346.7 (Huynh Duy Thuy) Given a polynomial f(z) = mz? + (n — p)z +
m -+ n+ p with m,n, p being real numbers such that (m+n)(m+n+p) <0,
prove that
n? + p?
2

> 2m(m +n+p) + np.
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346.8 (Vu Thai Loc) The incircle (1) of a triangle A; A9 A3 with radius r
touches the sides A A3z, AsAj, Aj Ay respectively at My, Mo, Ms. Let (1;) be
the cirlce touching the sides A;A;, A;Aj, and externally touching (1) (i,7,k €
{1,2,3}, i # j # k # i). Let K, Ky, K3 be the points of tangency of (I)
with AjAs, of (Iz) with AyAs, of (I3) with AsA; respectively. Let A;A; =
a;, A;K; =b;, (i=1,2,3), prove that

3
1
;Z(ai+bi)22+\/§.

=1

When does equality hold?

...to be continued
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