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An Angle Bisector Parallel Applied to
Triangle Construction

Harold Connelly and Beata Randrianantoanina

Abstract. We prove a theorem describing a line parallel to an angle bisector of
a triangle and passing through the midpoint of the opposite side. We thgn app
this theorem to the solution of four triangle construction problems.

Consider the triangled BC with angle bisectoAT,, altitude AH,, midpoint
M, of side BC and Euler point, (see Figure 1). Let the circle with centerigt
and passing through/,, intersectAH, at P. Draw the lineM,P. We prove the
following theorem.
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Figure 1.

Theorem 1. Inany triangle ABC with H, not coinciding with M, theline M, P
isparallel to the angle bisector AT,.

Proof. Let O be the circumcenter ol BC' (see Figure 2). The perpendicular bi-
sector)M,, O and the angle bisecto!T}, intersect the circumcirclg)) atS. Let the
midpoint of £, O be R, and reflect the entire figure through Let the reflection of
ABC be A'B'C’. SinceE, M, is equal to the circumradius, the cird&, (M,,) is
the reflection of O) and is the circumcircle oft’ B'C’. Since segmentd £, and
M,0O are equal and parallei is the reflection of\/, and is therefore the midpoint
of B'C’. Thus,AH, is the perpendicular bisector 8/ C’. Finally, AH,, intersects
circle E,(M,) at P, therefore)M,, P is the bisector of angl®’ A’C” and parallel to
AT,. O
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Figure 2.

Remark. For the case wherH, and M, coincide, triangled BC is isosceles (with
apex atd) or equilateral. The lined/, P and AT, will coincide.

Wernick [3] presented 39 problems of constructing a triangle with ruler and
compass given the location of three points associated with the triangle aseihcho
from a list of sixteen points. See Meyers [2] for updates on the status qfrtb-
lems from this list. Connelly [1] extended this work by adding four more points
to the list and 140 additional problems, many of which were designated as unr
solved. We now apply Theorem 1 to solve four of these previously otved
problems. The problem numbers are those given by Connelly.

Figure 3.

Problem 99. GivenFE,, M, andT, construct triangled BC.
Solution. Draw line M, T, containing the sideBC' and then the altitudé’, H,,
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to this side (see Figure 3). The circle with centeéy and passing through/,
intersects the altitude &. Draw M, P. By Theorem 1, the line throudh, parallel
to M, P intersects the altitude at. ReflectA throughE, to get the orthocenter
H. The midpoint ofE, M, is the nine-point centeN. Reflectd throughN to
obtainO. Draw the circumcircle througH, intersecting\/, T, at B andC.

Number of Solutions. Depending on the relative positions of the three points, there
are two solutions, no solution or an infinite number of solutions. We start la-loc
ing £, and)M,. Then the segmeti, M, is a diameter of the nine-point circ{éV).
Since, for any triangle, angle, T, M, must be greater th&d0°, T, must be inside
(N), or coincide withM,, to have a valid solution. For the case with inside
(N), we have two solutions since the cirdig, (M, ) intersects the altitude twice
and each intersection leads to a distinct solution. If the three points are aclline
the two triangles are congruent reflections of each other through thdflifig.is
outside or on(V), except atM/,, there is no solution. If;, coincides with}M,,,
there are an infinite number of solutions. In this case, the vettean be chosen
anywhere on the open segméwt, M/, (whereM] is the reflection of\/, in E,),
and there is a resultant isosceles triangle.

Problem 108. GivenE,, N andT, construct triangleA BC.

Problem 137. GivenM,, N andT, construct triangleA BC'.
Solution. Since N is the midpoint of E,M,, both of these problems reduce to
Problem 99.

Problem 130. Given H,, N andT, construct triangleA BC'.
Solution. The nine-point circle, with centé¥ and passing througH,, intersects
line H,T, again atM,, also reducing this problem to Problem 99.

Related to these, the solutions of the following two problems are locus restricted
(i) Problem 78: giverk,, H,, T;
(i) Problem 99 in Wernick'’s list [3]: given\l,, H,, T,.
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